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Abstract 
 
 

 This report covers the work performed since the submission of the 
research proposal in December 2005.  

Biomechanical models have been used for quite some time for image 
registration. These models try to balance the accuracy of the computed 
results with the simulation runtime. A fast simulation requires major 
simplifications in the model and this has a negative impact on the simulation 
accuracy.  

The report presents different algorithms for the computation of the steady 
state solution in a finite element simulation using static or cvasistatic 
simulations. These algorithms are designed to increase the simulation speed 
without reducing the accuracy of the results. Therefore they can handle both 
geometric and material non-liniarities. 

One way of increasing the computation speed is the using of simple linear 
elements when constructing the mesh, such as the linear tetrahedron and the 
linear under-integrated hexahedron. Both these elements can have a negative 
impact on the accuracy of the results because of volumetric locking and 
hourglassing. Fast algorithms that improve the behavior of these elements 
will be presented.    

 
 
 
 
 
 
 
 
 
 
 
 
 

Keywords: biomechanics, soft tissue, Total Lagrangian, explicit integration, non-locking 
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1. Introduction 
 

There is wide international concern about the cost of meeting rising expectations for 
health care, particularly if large numbers of people require currently expensive procedures 
such as brain surgery.  Costs can be reduced by using improved machinery to help surgeons 
perform these procedures quickly and accurately, with minimal side effects. A novel 
partnership between surgeons and machines, made possible by advances in computing and 
engineering technology, could overcome many of the limitations of traditional surgery. By 
extending the surgeons' ability to plan and carry out surgical interventions more accurately 
and with less trauma, Computer-Integrated Surgery (CIS) systems could help to improve 
clinical outcomes and the efficiency of health care delivery. CIS systems could have a similar 
impact on surgery to that long since realized in Computer-Integrated Manufacturing (CIM).   

Mathematical modeling and computer simulation have proved tremendously successful in 
engineering. Computational mechanics has enabled technological developments in virtually 
every area of our lives. One of the greatest challenges for mechanists is to extend the success 
of computational mechanics to fields outside traditional engineering, in particular to biology, 
biomedical sciences, and medicine [1].  The goal of surgical simulation research is to 
model and simulate deformable materials for applications requiring real-time interaction. 
Medical applications for this include simulation-based training, skills assessment and 
operation planning.  A surgical simulator must predict the deformation field within the organ, 
so that it can be displayed to the user, and the internal forces (stresses), so that reaction forces 
acting on surgical tools can be computed and conveyed to the user through haptic feedback.  

Biomechanical models are developed for predicting the organ deformation using the finite 
element method, but many such models are simplified in order to decrease the computational 
effort, e.g. they consider only infinitesimal deformations and/or linear material laws. These 
simplifications have great influence on the accuracy of the obtained results in a finite element 
analysis, inducing significant errors [2-4]. Therefore material law and geometric non-
liniarities must be considered when a solution method is chosen. 

There are three methods of reducing the computation time: improvement of the algorithms, 
usage of faster hardware or usage of parallel computing. We will concentrate on the first 
method, as the usage of faster hardware is limited by the existing technology and the usage of 
parallel computing leads to more complex and more expensive hardware and software 
systems.  

 

2. Finite Element Algor ithms 
 
 When designing a finite element solution method there are many aspects that must be 
considered, such as the formulation used (Total or Updated Lagrangian), solution scheme and 
the type of elements used for constructing the mesh. We will discuss these aspects in the 
following sections.         
 

2.1. The Total Lagrangian Formulation 
 
 Various spatial discretisation schemes are possible while using the finite element 
method [5]. The algorithms used by the great majority of commercial finite element programs 
use the Updated Lagrangian formulation, where all variables are referred to the current (i.e. 
from the end of the previous time step) configuration of the system (Ansys [6], ABAQUS [7], 
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ADINA [8], LS Dyna [9], etc.). The advantage of this approach is the simplicity of 
incremental strain description. The disadvantage is that all derivatives with respect to spatial 
coordinates must be recomputed in each time step, because the reference configuration is 
changing. The reason for this choice is historical – at the time of solver development the 
memory was expensive and caused more problems than the actual speed of computations. The 
first key idea in the finite element algorithms development was to use the Total Lagrangian 
formulation of finite element method, where all variables are referred to the original 
configuration of the system. Second-Piola Kirchoff stress and Green strain are used. The 
decisive advantage of this formulation is that all derivatives with respect to spatial coordinates 
are calculated with respect to original configuration and therefore can be precomputed. The 
proposed stress and strain measures are appropriate for handling geometric non-liniarities 
(finite deformations).  

The usage of Total Lagrangian explicit integration for simulating physically realistic 
deformations was also proposed in [10].  A method for decreasing the computation time when 
using non-linear elasticity was presented in [11], but it only works for tetrahedral meshes and 
special elastic material laws. 

Because biological tissues behavior can be described in general using hyper-elastic or hyper-
visco-elastic models [12], the usage of the Total Lagrangian formulation also leads to a 
simplification of material law implementation as these material models can be easily 
described using the deformation gradient. 

        
 

2.2. The mesh 
 

 Before any simulation of an organ deformation can be carried out using the finite 
element method, a mesh must be constructed based on the geometry of the organ. Because of 
the computation time requirement, the mesh should be constructed using low order elements 
that are not computationally intensive, such as the linear tetrahedron or the linear under-
integrated hexahedron. The standard formulation of the tetrahedral element exhibits 
volumetric locking [13], especially in case of soft tissues such as the brain, that are modeled 
as almost incompressible materials [14]. Therefore hexahedral elements are preferred.  

Many algorithms are now available for fast and accurate automatic mesh generation using 
tetrahedral elements, but not for automatic hexahedral mesh generation [15-17]. This is one 
reason why many authors proposed the usage of tetrahedral meshes for their models [18-21]. 
In order to automate the simulation process, mixed meshes (having both hexahedral and 
tetrahedral elements) with predominantly hexahedral elements are the most convenient. 

The under-integrated hexahedral elements require the usage of an hourglass control algorithm 
in order to eliminate the zero energy modes which arise from the one-point integration [22]. 
Special algorithms for handling hourglass control for the hexahedral elements and to reduce 
locking of the tetrahedral elements must therefore be implemented. 

 

2.3. Hourglass control 
 

 One of the earliest and most popular hourglass control algorithms, that is currently 
available in many commercial software finite element packages (ABAQUS [23], LS-DYNA 
[9]) is the one proposed by Flanagan and Belytschko in [22], also known as the perturbation 
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hourglass control. This method is applicable for hexahedral elements with arbitrary geometry 
used for the simulation of large deformations (including rigid body motions).  

Several other algorithms were proposed for hourglass control. Liu et al. proposed the usage of 
stabilization matrices for hourglass control in the so called physical stabilization method [24]. 
The algorithm required the storage of 36 hourglass stresses in addition to the single-point 
stresses and the resulting stabilization forces causes the element to experience volumetric and 
shear locking [25].  

Belytschko and Bindeman proposed an assumed strain stabilization method [26] and Puso 
combined the physical stabilization method with the assumed strain method in order to obtain 
an efficient enhanced assumed strain physically stabilized element [25]. These methods 
provide an improved behavior of the element in bending dominated problems. However, the 
stability of these methods can not be guaranteed for general deformation states and arbitrarily 
shaped elements [27]. The enhanced strain physically stabilized element is also available in 
the commercial finite element codes [9, 23]. 

In the context of large deformations, rigid body motions and arbitrarily shaped elements, the 
perturbation hourglass control is the most computationally efficient of the presented hourglass 
control methods. The increased performance of the enhanced assumed strain hourglass control 
methods in bending dominated problems is of little importance in surgical simulation. 

Starting from that algorithm proposed by Flanagan and Belytschko we could show that the 
Total Lagrangian formulation is also recommended from the point of view of efficient 
hourglass control implementation, as many quantities involved can be pre-computed. We have 
shown in [28] that the hourglass control forces for each element can be computed (in matrix 
form) as: 

u��F tTHgt k 0000 =  (1) 

where k is a constant that depends on the element geometry and material properties, Y is the 
matrix of hourglass shape vectors and u is the matrix of current displacements. The notation 
from [13] is used, where the left superscript represents the current time and the left subscript 
represents the time of the reference configuration, which is 0 for Total Lagrangian. In (1) all 
quantities except u are constant and can be pre-computed, making the hourglass control 
mechanism very efficient.  

Several simulations were conducted using the proposed hourglass control mechanism. In 
order to assess the accuracy of the computation results, they were compared with the results 
obtained using mixed formulation fully integrated elements and the commercial finite element 
software (ABAQUS). A very good agreement of the results was obtained [28]. Our under-
integrated hexahedral element using perturbation based stiffness hourglass control is almost 
five times more computationally efficient in the Total Lagrangian framework than in the 
Updated Lagrangian framework. 

 

2.4. Improved tetrahedral  elements 
 

 There are a number of improved (non-locking) linear tetrahedral elements already 
proposed by different authors [29-31]. These formulations are either much more 
computationally intensive than the standard formulation or the volumetric locking control 
mechanism depends on material properties (e.g. bulk modulus), making harder the interfacing 
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of different materials. Our volumetric lock control mechanism is computationally inexpensive 
and depends solely on kinematic variables.  

As defined in [30], the nodal Jacobian is the ratio between the current and initial nodal 
volumes. The nodal volume is computed as a sum of fractions of the surrounding element 
volumes.  

Using the nodal Jacobians, an average Jacobian can be computed for each element. Because 
the element Jacobian is equal to the determinant of the element deformation gradient, we 
define a modified element deformation gradient that has the same isochoric part as the normal 
deformation gradient, but the volumetric part is modified so that its determinant (and therefore 
the volumetric deformation) is equal to the average element Jacobian. 

The computation of the nodal forces (or stiffness matrix) can now be done in the usual 
manner, but using the modified deformation gradient instead of the normal deformation 
gradient for defining the strains. This way there is no need for computing the isochoric and 
deviatoric components of the internal forces separately, and the existing material law can be 
used [32].  

A similar approach is used in ABAQUS [7] for defining the selectively reduced integration of 
the volumetric term for the fully integrated first-order isoparametric hexahedral elements, in 
order to prevent locking in incompressible or nearly incompressible cases. The difference is 
that while for the selectively reduced integrated hexahedra the Jacobians are averaged over an 
element, in our case the Jacobians are averaged between elements sharing the same node.   

The performance of the proposed formulation is evaluated using the Total lagrangian Explicit 
Dynamics (TLED) algorithm presented in [33] against the standard tetrahedral element 
formulation. The differences in computed displacements and reaction forces due to volumetric 
locking are reduced with more than 50%.  

The modified TLED code using the improved element is about 40% more computationally 
expensive per time step than the standard one.  This percentage might seem high, but it is only 
due to the fact that our definition of the standard tetrahedral element using a Total Lagrangian 
formulation is already very efficient. Compared with Abaqus explicit, the modified TLED 
implementation is still more than 20 times more efficient. Apart for this, the stability analysis 
shows that a much higher time step can be used with the improved tetra element and therefore 
the overall computation time can be reduced.    

 

3. Static analysis algor ithms 
 

 The static solution of a nonlinear analysis is described by the nonlinear system of 
equations: 

R(U) – F(U) = 0 (2) 

where R is the vector of externally applied nodal loads and F is the vector of nodal point 
forces. Both R and F depend nonlinearly on the vector of nodal point displacements U.  

The most frequently used schemes for the solution of (2) are the Newton-Raphson iterative 
methods [13, 34, 35], in which we solve for i = 1,2,3… 

dRi-1 = Ri-1-Fi-1 (3) 

Ki-1dUi = dRi-1  (4) 



Research Report # ISML/04/2006    G. R. Joldes 

 8 

Ui = Ui-1+dUi  (5) 

Initial conditions:  

U0 = U0 F0 = F0 (6) 

where  

1

)(1

-=

-

¶
-¶

=
iUU

i

U
RF

K
 

(7) 

is the current tangent stiffness matrix. 

These equations are obtained using a Taylor series expansion of the system of equations about 
the conditions at iteration i-1. In each iteration we calculate in (3) an out of balance load 
vector that determines an increment in displacements given by (4). The iterations are 
continued until an appropriate convergence criterion is satisfied. 

The Newton-Raphson method has the property that if the current solution iterate is sufficiently 
close to the solution and if the tangent stiffness matrix does not change abruptly, we can 
expect rapid (quadratic) convergence [36, 37]. 

 

3.1. Static condensation 
 

 The purpose of the analysis is to compute the nodal displacements. These can be 
partitioned into unknown displacements and known displacements (the displacements of the 
encastred and displaced nodes). The known displacements are the only ones that produce 
external nodal loads. These displacements can be eliminated from the system of equations (4). 

The static condensation of the known displacements has the following advantages [13]: 

a. Reduces the size of the equation system 

b. Reduces the storage space required for the assemblage of the tangent stiffness matrix 

c. Improves the condition number of the system matrix.  

   

3.2. A l ternative solution methods 
 

 The major computation cost per iteration for the full Newton-Raphson method lies in 
finding the solution of the linear system of equations (4), which implies the computation and 
factorization of the tangent stiffness matrix.  Modifications of the method have been proposed 
that try to reduce this cost [13]: 

·  The modified Newton-Raphson iteration - the tangent stiffness matrix is computed 
and factorized only at accepted equilibrium configurations (not at the beginning of 
each iteration) ; 

·  Quasi-Newton methods – the inverse of the tangent stiffness matrix is updated 
between iterations. 

Because the material models for soft tissues are only mildly nonlinear (hyper-elastic or hyper-
visco-elastic models [12]), the tangent stiffness matrix does not change abruptly, and therefore 
the modified Newton-Raphson iteration method is a good alternative for reducing the 
computation time. 
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The tangent stiffness matrix is a sparse, symmetric banded matrix. This has major 
implications for the way it is stored and handled, in order to fit in the core memory (RAM) of 
the computer. The inverse of a sparse banded matrix does not share the same properties, being 
a full matrix. Even for a few thousands degrees of freedom, such a matrix is too big to fit into 
the core memory, and requires special algorithms for handling it using backup memory (hard 
drive). We tried to overcome this problem by using a sparse approximate inverse (SPAI) of 
the matrix [38], but the computation time for obtaining the SPAI was too high for the method 
to be effective. Therefore we did not consider the quasi-Newton method as a viable 
alternative.   

 

3.3. Proposed solution methods 
 

 As mentioned before, the major computation cost per iteration for the Newton-
Raphson method lies in solving the linear system of equations (4). Nevertheless, the solution 
of this system of equations provides only an update for the solution of the non-linear system, 
and therefore it is not necessary to be very exact. 

 An approximate solution for the linear system of equations (4) can be obtained using 
an iterative method. Because the tangent stiffness matrix is symmetric and positive definite 
[13], the convergence conditions for different iterative methods are met and convergence can 
be guaranteed [39]. 

 By combining the Newton iterations with the iterative methods for solving linear 
systems of equations the so called composite methods are obtained. An example of such a 
method is the m-step Newton-SOR process, in which one step of the Newton iteration is 
combined with m secondary iterations of the SOR (Successive Over Relaxation) method. The 
theory describing these methods and their convergence properties can be found in [36]. The 
number of secondary iterations, mk, can vary between different Newton iterations k, and if 
limk� � mk = +� , the rate of convergence of these methods is super-linear. 

 Although the mathematical aspects of these methods have been studied a long time 
ago, we have no knowledge of any attempts of using them for solving non-linear systems of 
equations obtained using the finite-element method. For other proposed applications of these 
methods, see [40]. In [41] a modified SOR-Newton algorithm is presented, for solving 
nonlinear algebraic systems resulted from the discretizations of elliptic boundary value 
problems. 

 

3.4. Improving the convergence using line search 
 

 For any Newton iterations, the convergence of the method can be improved by using 
the line search procedures [42, 43]. By integrating this procedure into a composite method, the 
algorithm for executing one iteration step becomes: 

 

Compute the tangent stiffness matrix Ki-1and the residual forces Fi-1; 

Obtain an approximate solution for the linear equation system   
111 --- =D iii FUK  (8) 

by performing mi iterations using the chosen iterative method;  
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Update the displacements using: 
11 -- D×+= iii UUU b  (9) 

where �  is determined so that the projection of the residual force on the search direction is 
made zero: 

01 =D -ii UF , with )( 11 -- D×+= iii UUFF b ; (10) 

  

Equation (10) is obtained by imposing that the norm of the residual is minimized on the 
search direction: 

0
)(

2

11

=
¶

D×+¶ --

b

b ii UUF
 

(11) 

The step size �  is computed by solving the nonlinear equation (10). In our implementation, 
this equation is solved using Brent’s root finding algorithm that combines the bisection 
method, the secant method and inverse quadratic interpolation [44]. Finding �  to a high 
accuracy is not efficient, and therefore only an inexact line search is performed, where the 
number of iterations in the root finding algorithm is limited. Also, the interval in which �  can 
vary is defined. In our implementation this interval is restricted to [0.2, 1]. 

 

3.5. Implementation 
 

 In order to assess the performances of the proposed composite methods, the following 
methods were implemented: 

·  The Newton-Raphson method 

·  The modified Newton method 

·  Several composite Newton methods 

In our implementation we used the MUMPS direct solver (sequential version) [45] to solve 
the linear system of equations (12) for the Newton-Raphson and modified Newton methods. 
This is one of the best direct solvers available, as shown by the results of this comparison 
report [46].  

The solution process was divided in two stages, keeping in mind the application requirements 
for these algorithms: 

·  Analysis – this can be done pre-operatively, so it is not time critical. During this stages 
the following steps are taken: 

o Compute and reserve the necessary memory – the degrees of freedom (DOFs) 
are reordered so that the memory requirement for the tangent stiffness matrix is 
reduced. This reordering is done using the reverse Cuthill-McKee algorithm 
[47-49]. 

o Elements generation in memory 

o Association between element local DOFs and the global DOFs 

o Marking of the DOFs that must be condensed out for each element 
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o The initial volume and shape functions derivatives are computed for each 
element 

o The best iterative method is chosen based on the initial tangent stiffness matrix 
(only for the composite methods) 

·  Solution – this is the time critical part of the method, so the computation time 
performances will be measured. This stage consists in the implementation of the 
different Newton iterative methods, having the following steps: 

o Application of node displacements 

o Computation of the tangent stiffness matrix and residual forces 

o Computation of displacements variation (eq. 15-17) 

o Convergence criteria assessment 

In the commercial software the solution step also contains a self-adaptive procedure that 
chooses the load steps size, because this is the only method to ensure that the starting point is 
close enough to the solution so that the convergence criteria are met [13]. The convergence 
criteria are very hard to assess in practice, but usually divergence is very quickly detected in 
the iterations [37] and the load step size can be modified, for example as proposed in [34]. 
Our implementation is much simpler, as it is made for comparison purposes only, so the size 
of the load steps can only be configured by specifying the number of load steps.  

For the implementation of the composite Newton methods, the following iterative solvers, 
available on the public domain, were considered: 

·  From the Iterative Methods Library (IML++) [50, 51] package, written using templates 
in C++ on top of SparseLib++[52, 53]: 

o Conjugate Gradient (CG) with diagonal preconditioning 

o Conjugate Gradient (CG) with incomplete Cholesky (IC) preconditioning 

·  From ITPACK 2C - A FORTRAN Package for Solving Large Sparse Linear Systems 
by Adaptive Accelerated Iterative Methods [54, 55]: 

o Jacobi using Conjugate Gradient (CG) acceleration (JCG) 

o Jacobi using Chebyshev (Semi-Iteration) acceleration (JSI) 

o Successive Over Relaxation (SOR) 

o Symmetric SOR using  CG acceleration (SSORCG) 

o Symmetric SOR using  Chebyshev acceleration (SSORSI) 

 

3.6. Computational results 
 

 Two test problems were considered in order to compare the performances of the 
composite Newton methods with those of the Newton-Raphson and modified Newton 
methods: compression of a cylinder and deformation of an ellipsoid. The size of the meshes is 
in the range of 0.1 – 0.2 meters, close to the sizes of soft organs such as brain.  

Both meshes consists of hexahedral elements and were generated using Hypermesh (Fig. 1). 
We used a Neo-Hookean material, with properties similar to those of the human brain [56]  
(Young’s modulus in un-deformed state equal to 3000 Pa, Poisson’s ratio 0.49 and mass 
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density of 1000 kg/m3) and fully integrated hexahedrons with selectively reduced integration 
of the volumetric term, as these elements perform better in case of almost incompressible 
materials [7]. 

 

 
Fig. 1. The un-deformed and deformed meshes 

a) Cylinder  b) Ellipsoid 

 

 

The boundary conditions were specified as follows: 

·  Encastred nodes ( 0=D=D=D zyx ) on the lower surface of the body 

·  Displaced nodes ( 0=D=D yx , dz =D ) on an upper surface of the body, with the 
maximum displacement d=0.03 m. 

In both cases the displacements were applied in only one load step. 
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3.6.1. Choosing the best iterative method 

 In the analysis step, when the initial tangent stiffness matrix is computed and the initial 
load step can be applied, a first linear system of equation of type (4) is obtained. One of the 
characteristics of the iterative methods is that their performances are problem specific [39, 
54], and therefore one can try to choose the best method for the problem that must be solved. 

A particularity of the problems that we study is that the structure of the tangent stiffness 
matrix does not change during the Newton iteration process, and also the values are not 
expected to change drastically, as the material laws are only mildly non-linear. Therefore, by 
selecting the best iterative method for the initial system of equations, we can expect also a 
good behavior for the remaining Newton iterations. 

If we rewrite the initial system of equations as: 

FKU =  (12) 

we can study the convergence of an iterative solver by computing the decrease in the relative 
residual with the number of iterations. Because we are also interested in the solution time for 
the solver, we can also study the variation of the relative residual over computation time. The 
relative residual is given by: 

2

2

F

FKU
r i

i

-
=

 

(13) 

where Ui is the approximate solution of system (12) after performing i iterations of the 
iterative solver. 

By plotting the computation time versus number of iterations we can see that for each solver 
the computation time per iteration is almost constant (there are differences mainly because of 
the time measurement precision), but some solvers have a higher computation time per 
iteration than others (Fig. 2). This is true especially for the CG solvers and can be partly 
explained by the fact that these solvers were implemented in a high level language (C++) and 
did not use any optimized Sparse Basic Linear Algebra Subprograms (SBLAS) routines. 

 
Fig. 2. Computation time for  different iterative methods 

a) Cylinder  b) Ellipsoid 

 

From the plot of relative error versus computation time we can select the best iterative method 
for the considered problem (Fig. 3). If we consider the best computation time in order to get a 
relative residual of less that 0.1%, we can see that the JCG solver is the best choice for the 
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cylinder compression and the SSORSI solver is the best choice for the ellipsoid deformation 
problem (even if its performances were the worst for the other problem). 

 

 
Fig. 3. Relative er ror  versus computation time for  different iterative methods  

a) Cylinder  b) Ellipsoid 

 

 
Fig. 4. Relative er ror  versus number of iterations for  different iterative methods  

a) Cylinder  b) Ellipsoid 

 

Another configuration that must be made is the number of iterations that must be performed in 
order to get an approximate solution to (12). This decision can be made by studying the 
variation of the relative residual versus the number of iterations for the chosen iterative 
method (Fig. 4). We can see that all the iterative methods considered have an asymptotic 
convergence towards the solution. The convergence rate is very good in the first iterations, 
where the truncation errors dominate the solution, but finally decreases as the computational 
error becomes the dominant part of the solution, until further iterations do not give any further 
improvement in accuracy [37]. By studying the curves, we can make a selection of the number 
of iterations that provides the best convergence rate. For example, we can select 150 iterations 
for cylinder compression using JCG and 120 iterations for ellipsoid deformation using 
SSORSI. We can see that this number of iterations not only ensure a good convergence rate, 
but also a relative residual of less than 0.02%.      
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3.6.2. Convergence criteria 

 There are three convergence criteria usually presented in the finite element literature: 
based on displacements, on residual forces or on internal energy [13, 35]. 

When displacements are used, the convergence criteria can be written as: 
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(14) 

This requires that the displacement variation at the end of the iteration be within a certain 
tolerance of the true displacement solution, where the true displacement solution is 
approximated with the displacement at the end of the iteration.  

The convergence criteria based on residual forces requires that out-of-balance load vector be 
within a preset tolerance of the original load increment, and can be written as: 

FLim

ac

i
aci

F
F

F
ee £=

2

0
2

 

(15) 

The third criterion combines the previous two, and compares the increment in internal energy 
during the iteration (the amount of work done by the out-of-balance loads on the displacement 
increments) to the initial internal energy increment: 
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(16) 

The main problem is to choose the tolerances � DLim, � FLim or � ELim that ensures that the solution 
has converged within the desired accuracy. If the tolerances are too loose the error in the 
computed solution will be too high and if the tolerances are very small, the iterations might 
never converge or the computational cost will be too high.    

We will investigate the relation between these tolerances and the absolute computation error. 
We considered that an approximation of the real solution is obtained after a high number of 
full Newton-Raphson iterations (100), therefore we can compute an approximation of the real 
maximum absolute error after each iteration as: 

¥
-= 100

a
i
a

i UUErr
 

(17) 

By plotting the absolute error given by (17) against the number of iterations for the two 
analyzed problems (Fig. 5) we can see that in both cases the solution is converging 
asymptotically, but the convergence is faster for the cylinder compression problem than for 
the ellipsoid deformation problem. For the last iterations there is little improvement in the 
solution accuracy, therefore the solution approximation must be very close to the real solution.  
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Fig. 5. Absolute error  var iation versus the number of iterations 

  

We can now analyze the variation of the quantities � i
D, � i

F and � i
E with the absolute error for 

the two problems when the Newton-Raphson iterations are used – see Fig. 6-7. From these 
graphs we can see that there is a non-linear relation between the convergence tolerances (14-
16) and the absolute error obtained and that for different problems there is a big difference 
between the values of the convergence tolerances that ensures the same absolute error. This 
makes the selection of the convergence tolerances very difficult.  

 
Fig. 6. Displacements and force convergence tolerance versus absolute error  

 

 
Fig. 7. Energy convergence tolerance versus absolute er ror  
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In [34] a proposal is made to use a convergence criteria based on a convergence factor. 
Starting from their proposal, we define a convergence factor as: 
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(18) 

It is easy to show, using the properties of norms, that if the iteration is converging 
asymptotically (qi<1) and the convergence factor for the future iterations does not exceed the 
current convergence factor, then  
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(19) 

where U*
a= U�

a is the real solution. However, by studying the variation of the convergence 
factor (Fig. 8) we can see that the conditions are not met, because the convergence factor is 
not decreasing, but very slowly increasing with the number of iterations, and therefore (19) 
does not hold. By comparing the right hand side of (19) with the absolute error (17) (Fig. 9.a), 
we can see that indeed (19) under-estimates the absolute error. Therefore, we propose to apply 
a correction to the error estimation (19), obtaining the corrected error estimation as: 
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(20) 

 
Fig. 8. Convergence factor  var iation 

 

 
a)      b) 

Fig. 9. Er ror  estimation (a) and cor rected er ror  estimation (b) 
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Fig. 9.b shows that (20) is a very good estimate of the absolute error for both problems when 
the Newton-Raphson iterations are used (after the convergence factor stabilizes). Therefore, a 
useful convergence criterion is: 

AbsErrEstErr i £  (21) 

where AbsErr is the maximum error allowed for the computation results. In case of medical 
imaging, the image resolution obtained using MRI have the accuracy of around 1 mm, 
therefore we can ask that the computation accuracy (AbsErr) to be in the range of [0.1, 1] mm. 

We can study now whether (21) can be used as a convergence criterion in case of modified 
and composite Newton methods. For the modified Newton method, the variation of the 
convergence factor (18) with the number of iterations is presented in Fig. 10.a and the 
corrected error estimate (20) is compared with the actual error in Fig. 10.b. The tangent 
stiffness matrix is updated every 4 iterations for the cylinder compression problem but the 
analysis did not converge in case of the ellipsoid deformation problem. To ensure the 
convergence we had to reduce the maximum displacement size to 0.02 m and to update the 
tangent stiffness matrix every 3 iterations. We can see that after the value of the convergence 
factor stabilizes, the corrected error estimate is very close to the actual error. Nevertheless, it 
takes more iterations for the convergence factor to stabilize and afterwards its variation is not 
as smooth as in case of full Newton-Raphson method.   

 

 
a)      b) 

Fig. 10. Convergence factor  var iation (a) and corrected er ror  estimation (b) for  the 
modified Newton method 
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a)      b) 

Fig. 11. Convergence factor  var iation (a) and corrected er ror  estimation (b) for  the 
composite Newton-JCG and Newton-SSORSI methods 

 

In case of the composite Newton methods, when solving the selected problems using the 
iterative methods and the number of iterations identified in 7.1 we obtain the variation of the 
convergence factor presented in Fig. 11.a. It seems that the convergence factor does not 
stabilize in case of the ellipsoid deformation, when SSORSI method is used. This also leads to 
a bad approximation of the error, as presented in Fig. 11.b. Therefore we tried to change the 
iterative method used, and selected the next best iterative method, JCG, with 250 iterations 
(see 7.1). In this case the convergence factor has the expected variation and the error estimate 
can be done using (21) – Fig. 12. 

 
a)      b) 

Fig. 12. Convergence factor  var iation (a) and corrected er ror  estimation (b) for  the 
composite Newton-JCG method (ellipsoid deformation) 

 

Based on the previous analysis, we propose the usage of two convergence criteria when the 
static solution of a finite element problem is computed. The first criterion is looser, and must 
ensure that the solution remains convergent between 2 load steps – we chose the residual 
forces convergence criterion (15). The second criterion is based on (21) and ensures that the 
provided solution is within required error limits. This criterion only applies on the last load 
step, after the first convergence condition has been met (this should also ensure that the 
convergence factor has stabilized its value, fact that must be checked in the code). 
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By using this approach we allow the solution to advance faster from one load step to the next, 
but do not stop the iterations until the required precision is obtained.   

 

3.6.3. Computation time 

 For both the analyzed problems we choose the residual forces convergence tolerance 
� FLim=0.005 and we require that the maximum computation error in any direction should be 
less than 0.5 mm. That means that the absolute error limit in (21) would be (in the worse case 
scenario, as this is a limit of error along the axes): 

4-2.88e
3

0005.0
==AbsErr

 

(22) 

When the modified Newton method is used, the tangent stiffness matrix is updated every 4 
iterations. For the composite Newton methods the JCG iterative method is used, with 250 
iterations for the ellipsoid deformation problem and 150 iterations for the cylinder 
compression problem. Line search is used with maximum 5 search iterations. 

The problem properties are presented in table 1. 

 Table 1. Problem proper ties 

Mesh Elements Nodes Equations 

Cylinder 6000 6741 18297 

Ellipsoid 2200 2535 7260 

 

The computation time is presented in table 2. The maximum error in any direction is 
computed after the last iteration, n, as: 

2

100max i
n

i
i

PPError -=
 

(23) 

where Pi
n is the position of node i after iteration n. The maximum error along the axis – Err - 

is given by (17). 

 Table 2. Computation time and maximum error  

Problem Method I tera-
tions 

Time 
[s] 

Er r  

[mm] 

Error   

[mm] 

Full Newton-Raphson 9 66.2 0.26 0.27 

Modified Newton 11 30.9 0.27 0.28 

Cylinder 
compression 

Composite Newton-JCG 9 21.3 0.26 0.27 

Full Newton-Raphson 27 57.0 0.31 0.35 

Modified Newton - - - - 

Composite Newton-JCG 27 28.7 0.32 0.34 

Ellipsoid 
deformation 

Composite Newton-JCG – 
150 JCG iterations 

27 22.5 0.31 0.35 
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In case of the ellipsoid deformation problem the modified Newton method did not converge. 
We also used the composite Newton-JCG method with only 150 JCG iterations to solve the 
ellipsoid deformation problem. 

 

3.6.4. Conclusions 

 The composite methods converged in the same number of iterations as the full 
Newton-Raphson methods, but are much more efficient from the computational point of view, 
reducing the computation time up to 3 times for the studied problems. 

The modified Newton methods need more iterations than the full Newton methods but can 
lead to a decrease in the computation time, although they are not as good as the composite 
methods. Also the convergence behavior is not very good, as sometimes these methods 
diverge while the others converge.  

The composite Newton-JCG method is very robust, its convergence remaining the same for 
the ellipsoid deformation problem when the number of JCG iterations was reduced from 250 
to 150. 

The proposed convergence criteria proved to be very efficient, as the obtained error was 
always below the imposed limit (0.5 mm). 

To prove the good performances of the direct solver we used in our implementation of the full 
Newton-Raphson method (MUMPS), we computed the solution to the cylinder compression 
problem using static analysis with the direct solver in the commercial finite element program 
ABAQUS [7]. This program performed 4 iterations in 34 seconds, therefore having a 
computation speed comparable with the speed of our solver (8.5 s/iteration compared to 
7.3s/iteration).  

 

4. Explicit analysis algor ithms  
 

 The integration of equilibrium equations in time domain can be done using either 
implicit or explicit methods [13, 57, 58]. The most commonly used implicit integration 
methods, such as the Newmarks’  constant acceleration method, are unconditionally stable. 
This implies that their time step is limited only by the convergence/accuracy considerations.  
However, the implicit methods require solution of set of non-linear algebraic equations at 
each time step. Furthermore, iterations need to be performed for each time step of implicit 
integration to control the error and prevent divergence. Therefore, the number of numerical 
operations per each time step can be three orders of magnitude larger than for explicit 
integration [57].  

On the other hand, in explicit methods, such as a central difference method, treatment of non-
linearities is very straightforward and no iterations are required. By using a lumped 
(diagonalised) mass matrix, the equations of motion can be decoupled and no system of 
equations must be solved. Computations are done at the element level eliminating the need for 
assembling the stiffness matrix of the entire model. Thus, computational cost of each time 
step and internal memory requirements are substantially smaller for explicit than implicit 
integration. There is no need for iterations anywhere in the algorithm. These features make 
explicit integration suitable for real time applications. 
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However, the explicit methods are only conditionally stable. Normally a severe restriction on 
the time step size has to be included in order to receive satisfactory simulation results. 
Stiffness of soft tissue is very low [14, 59, 60]: e.g. stiffness of brain is about eight orders of 
magnitude lower than that of steel. Since the maximum time step allowed for stability is 
(roughly speaking) inversely proportional to the square root of Young’s modulus divided by 
the mass density, it is possible to conduct simulations of brain deformation with much longer 
time steps than in typical dynamic simulations in engineering. A detailed description of the 
Total Lagrange Explicit Dynamics [TLED] algorithm is presented in [33]. 

For the cylinder compression problem presented above, the TLED algorithm can perform 
1000 time steps in less than 6 seconds. This makes it a good option for real time surgical 
simulation. 

 

5. Conclusions 
 

In this report we presented a suite of finite element algorithms that can be used for accurate 
and fast computation of soft tissue deformation for surgical simulation. The basic concept 
between these algorithms is the usage of the Total Lagrangian formulation for solving finite 
element problems. The presented algorithms cover issues related to time integration, 
hourglassing and volumetric locking. We use fully nonlinear formulation, accounting for large 
deformations, rigid body motions and material non-linearities. 

A new tetrahedral element formulation based on the average nodal Jacobian was developed. 
This formulation uses only kinematic variables for controlling the volumetric locking, and 
therefore the usage of different materials and the implementation in an existing finite element 
code can be made without difficulties.  

A very efficient hourglass control implementation is proposed for the under-integrated 
hexahedral element. Having only one integration point, this element is very inexpensive from 
the computational point of view, being a perfect candidate for real time surgical simulations. 
Using this type of element and the improved tetrahedral element for simulations using mixed 
meshes is a step towards complete automated patient specific surgical simulation. 

We proposed to use composite Newton methods for solving the nonlinear system of equations 
obtained from a finite element model that describes the deformation of a soft organ. A method 
was described for choosing the best iterative method for a given problem. From the different 
available implementations of iterative methods for solving linear systems of equations, the 
JCG method offered the best performances in terms of computation time and convergence 
properties for the studied examples.  

Based on the convergence properties of the full Newton-Raphson method and   composite 
Newton-JCG method, a very good approximation of the maximum computation error can be 
computed using a convergence factor. This error approximation can then be integrated into a 
convergence criterion in order to ensure the desired accuracy of the computations. We 
proposed the usage of two convergence criteria: one that can ensure the convergence between 
different load steps and one that ensures the accuracy of the results. The last criterion is 
applied only at the end of the last load step. This ensures that no time is lost computing 
intermediate results to higher that needed accuracy.  

The composite Newton-JCG method decreased the computation time more than 3 times for 
the studied problems. It converged in the same number of iterations as the full Newton 
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method, with similar accuracy of the computed results. It also proved very robust with respect 
to the configured number of JCG iterations. 

Explicit time integration is the preferred method for performing real time simulations. The 
treatment of non-linearities is straightforward, without the need of any iteration. Even if the 
method is only conditionally stable, the material properties of biological tissue make possible 
the usage of much larger time steps compared with other engineering applications. 

The simulation examples confirm the speed of the TLED algorithm. We could compute 
reaction forces at frequencies higher than 500 kHz for a mesh having more than 2000 
hexahedral elements on a simple PC workstation.   
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